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Abstract
An effective model with pions and constituent quarks in the presence of a weak external background
electromagnetic field is derived by starting from a dressed one gluon exchange quark-quark interaction.
By applying the auxiliary field and background field methods, the structureless pion limit is considered to
extract effective pion and constituent quark couplings in the presence of a weak magnetic field. The leading
terms of a large quark and gluon masses expansion are obtained by resolving effective coupling constants
which turn out to depend on a weak magnetic field. Two pion field definitions are considered for that.
Several relations between the effective coupling constants and parameters can be derived exactly or in the
limit of very large quark mass at zero and weak constant magnetic field. Among these ratios, the Gell
Mann Oakes Renner and the quark level Goldberger Treiman relations are obtained. In addition to that,
in the pion sector, the leading terms of Chiral Perturbation Theory coupled to the electromagnetic field is
recovered. Some numerical estimates are provided for the effective coupling constants and parameters.
1 Introduction
The intrincated structure of Quantum Chromodynamics (QCD) makes very difficult the identification of
the relation between its fundamental degrees of freedom and the models that describe quite well hadron and
nuclear Physics in the vacuum and in a certain range of variables such as temperature, baryonic density,
magnetic field and so on. Low energy effective models are usually based on phenomenology and also
general theoretical results and symmetries from QCD. Effective field theory (EFT) have been developed
and strengthened since the formulation of Chiral Perturbation Theory (ChPT) [1, 2, 3, 4] and they contribute
for establishing these conceptual and calculational gaps between the two levels in the description of strong
interactions systems. However they do not provide microscopic first ground numerical predictions for the low
energy coefficients. First principles calculations provided by lattice QCD also contributes to these programs
since they should offer the ultimate full theoretical numerical predictions. However it is also very interesting
to establish sound relations between low energy effective models and EFT with QCD by deriving them from
QCD. Different mechanisms have already been found to yield a large variety of effective couplings between
hadrons, in particular quark-antiquark light mesons chiral dynamics have been investigated extensively with
focus on reproducing the low energy coefficients of chiral perturbation theory with progressively improved
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account of QCD non Abelian effects, for example in Refs. [5, 6, 7, 8, 9, 10, 11, 12]. Quark-based models
such as NJL [11] and constituent quark models [13, 14, 15] are some of the most successful ones describing
a large variety of mesons and baryons observables and properties with least number of parameters. One of
the most important ingredients of these models emerges from both the phenomenology of hadrons and also
QCD: approximate chiral symmetry and its dynamical symmetry breaking (DChSB) [16]. The relevance of
the chiral condensate as the order parameter for the DChSB is widely recognized in spite of some recent
controverse about its location [17, 18, 19]. In this context, it was claimed that the chiral constituent quark
model [13, 20] can give rise to a large Nc EFT that copes the large Nc expansion and the constituent quark
model in Ref. [21]. This EFT is composed by the leading large Nc terms for constituent quarks coupled to
pions and constituent gluons, besides the leading terms of chiral perturbation theory. This EFT has been
derived recently from a single leading term of the QCD effective action by considering quark polarization
for a dressed (non perturbative) gluon exchange between quarks [12]. In the present work this derivation
is addressed again with the coupling to a background electromagnetic field by considering one term of the
QCD effective action that is the dressed one gluon exchange between quarks as discussed below.
Hadron dynamics in the presence of magnetic fields (B0) have attracted the attention due to sizeable
values in several systems such as in magnetars, B0 ' 1015G, and non central relativistic heavy ions collisions
(RHIC), B0 ' 1018G, in spite of being formed for very short time interval [22]. Even such strong magnetic
fields can be considered to be relatively small with respect to some hadron energy scales. For example, one
may have a large constituent quark effective mass with respect to a weak magnetic field limit, and a small
parameter such as eB0/M
∗2 can be considered. For a constituent quark effective mass M∗ ' 0.31GeV
and eB0/M
∗2 ∼ 0.6 it follows eB0 ∼ 0.06GeV2 or equivalently eB0 ∼ 3m2pi. By considering further
that, with the magnetic catalysis the quark effective mass increases with the magnetic field, it might
reach M∗ ∼ 0.45GeV for B0 ∼ 7m2pi, expected to appear in RHIC, the parameter of the expansion is
eB0/M
∗2 ∼ 0.6. This parameter is completely compatible with a weak electromagnetic background field
such that: |eAµ| << M∗ or |eAµ| < M∗. Many phenomena are expected to take place under finite magnetic
field [23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35]. In particular it has been found that a magnetic field
can yield modifications and corrections in the strength and type of the hadron interactions, in particular
constituent quarks, gluons and pions [36, 37, 38, 39, 40, 41, 42].
The following low energy quark effective global color model [7, 8] coupled to a background electromag-
netic field will be considered:
Z = N
∫
D[ψ¯, ψ] exp i
∫
x
[
ψ¯
(
i /D −m)ψ − g2
2
∫
y
jbµ(x)R˜
µν
bc (x− y)jcν(y) + ψ¯J + J∗ψ
]
, (1)
where the color quark current is jµa = ψ¯λaγ
µψ, the sums in color, flavor and Dirac indices are implicit,∫
x stands for
∫
d4x, a, b... = 1, ...(N2c − 1) stand for color in the adjoint representation, and i, j, k = 0, 1..
will be used for SU(2) flavor indices, and the covariant quark derivative with the minimal coupling to the
background photon is: Dµ = ∂µ − ieQAµ with the diagonal matrix Qˆ = diag(2/3,−1/3). In several gauges
the gluon kernel can be written in terms of the transversal and longitudinal components, RT (k) and RL(k),
as:
R˜µνab (k) = δab
[(
gµν − k
µkν
k2
)
RT (k) +
kµkν
k2
RL(k)
]
. (2)
Even if other terms arise from the non Abelian structure of the gluon sector, the quark-quark interaction
(1) is a leading term of the QCD effective action. The use of a dressed (non perturbative) gluon propagator
already takes into account non abelian contributions that garantees important effects. This approximation
for the QCD effective action also is basically equivalent to the Schwinger Dyson equations at the rainbown
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ladder approximation [43]. Furthermore, it will be assumed and required that this dressed gluon propagator
provides enough strength for DChSB as obtained for example in [43, 44, 45, 46, 47, 48, 49]. Although it is
possible to include the contribution of further terms from the QCD effective action [10] the aim of this work
is to identify and to compute the resulting pion and constituent quark interactions resulting from a one loop
background field analysis for the interaction (1). Along this work the same method proposed in Ref. [12]
will be considered with the use of the background field method to introduce the sea and constituent quarks
and of the auxilary field method to introduce the light quark-antiquark chiral states and mesons. Vector
currents associated to light vector mesons are neglected since they represent heavier states and mesons
being less important at lower energies. Two different non linear definitions of the pion field are chosen by
performing chiral rotations and they are exhibited in the Appendix A. Nevertheless all the steps of the
calculation will be presented to incorporate the coupling to background photons. The resulting sea quark
determinant is expanded for large quark and gluon masses.
Interactions of pions with constituent quarks within constituent quark models are expected to be equiv-
alent to pion-nucleons couplings and our results reinforce this view. Firstly, effective couplings are written
in terms of an external photon field that, in a second step, is reduced to a weak magnetic field B0 that
is incorporated into the effective coupling constants. Several exact or approximated ratios of the effective
coupling constants and parameters are calculated. Among them, the Gell Mann Oakes Renner [50] and the
Goldberger Treiman [51, 52] relations arise at zero or weak magnetic fields. Numerical estimates for the
resulting effective coupling constants and parameters are presented in Section (5). In spite of the fact that
the gluon propagator and the quark-gluon vertex may present magnetic field dependence as well these will
not be considered. Since the gluon propagator is not really completely known two different gluon propa-
gators are considered to provide numerical estimates. This work therefore extends the work presented in
[12] by including the electromagnetic coupling of pions and constituent quarks. Some leading corrections
to pion and constituent quark effective coupling constants due to weak magnetic field are also calculated in
the logics of Ref. [41] where exclusively constituent quark effective self interactions had been considered.
The pion sector has been investigated in similar and even more general calculations by considering their
structure and by taking into account gluon 3-point and 4-point Green’s functions [7, 8, 10, 53]. The pion
sector will be presented as a sort of benchmark to assure the procedure, within the limit of structureless
mesons, reproduces all the leading terms of chiral perturbation theory even if the resulting expressions for
the low energy coefficients do not contain all the structures from a more general calculation. The work is
organized as follows. The background field method and the auxiliary field method are briefly reminded in
Section (2). The two pion field definitions are presented shortly in the Appendix A and the equivalence
between the leading pion and constituent couplings to the background photon of the two pion field defini-
tions is shown in Appendix B. In section (3), the quark determinant is expanded in the leading order by
choosing the pion field in the Weinberg’s definition in terms of covariant derivatives [54] and the effective
coupling constants are resolved. Ratios between effective coupling constants are exhibited. In Section (4),
the usual pion field in terms of exponential representation, U,U †, is considered for the expansion of the
corresponding quark determinant. It yields, in the pion sector, Chiral Perturbation Theory coupled to the
electromagnetic field. The constituent quark sector in the leading order yields the most relevant pion-quark
effective couplings that are also calculated in the presence of the external electromagnetic field. Relations
between the effective coupling constants are also exhibited at zero and weak magnetic field and numerical
estimates are presented in Section (5). In the last Section there is a Summary.
3
2 Flavor structure and light mesons fields
A Fierz transformation [7, 8, 11] is performed for the interaction (1) and the color singlet terms are selected
as usually. These non singlet color terms that are already smaller than the color singlet by a factor 1/Nc.
It will be shown just before Section (2.1) they yield only higher orders interaction terms being outside of the
scope of the work. The Fierz transformation of the quark interaction above, denoted here by F(Ω) = ΩF ,
can be rewritten in terms of bilocal quark currents, jqi (x, y) = ψ¯(x)Γ
qψ(y) where q = s, p, v, a and Γs = I2.I4
(for the 2x2 flavor and 4x4 Dirac identities), Γp = iγ5σi, Γ
µ
v = γµσi and Γ
µ
a = iγ5γ
µσi, where σi are the
flavor SU(2) Pauli matrices. The resulting non local interactions ΩF are the following:
Ω ≡ g2jaµ(x)R˜µνab (x− y)jbν(y) (3)
ΩF = 4αg
2
{[
jS(x, y)jS(y, x) + j
i
P (x, y)j
i
P (y, x)
]
R(x− y)
− 1
2
[
jiµ(x, y)j
i
ν(y, x) + j
i
µA
(x, y)jiνA(y, x)
]
R¯µν(x− y)
}
,
where i, j, k = 0, ...(N2f − 1) and 4α = 8/9 for SU(2) flavor. The kernels above can be written as:
R(x− y) ≡ 3RT (x− y) +RL(x− y),
R¯µν(x− y) ≡ gµν(RT (x− y) +RL(x− y)) + 2∂
µ∂ν
∂2
(RT (x− y)−RL(x− y)). (4)
A longwavelength local limit of expression (3) yields the Nambu Jona Lasinio (NJL) and vector NJL
couplings.
By employing the background field method (BFM) [55, 16] it will be considered that quarks might either
form light mesons and the chiral condensate or to be constituent quarks for baryons. So the quark field
will be splitted into the (constituent quark) background field (ψ1) and the sea quark field (ψ2) that will be
integrated out. For this, the following shift is performed: ψ → ψ1 + ψ2. This sort of decomposition is not
exclusive to the BFM and it is found in other approaches [56]. The field ψ2, ψ¯2 will be integrated out and,
for this, the action in (1) is expanded for the lowest one loop order as:
S ' Seff [ψ¯1, ψ1] +
∫ (
J∗ +
δSeff [ψ¯1, ψ1]
δψ1
)
ψ2 +
∫
ψ¯2
(
δSeff [ψ¯1, ψ1]
δψ¯1
+ J
)
+
∫
ψ¯2
δSeff [ψ¯1, ψ1]
δψ1δψ¯1
ψ2 + ..., (5)
where the first term is the tree level contribution and the linear terms are simply zero. Therefore at the
one loop BFM level only the quadratic term contributes and it yield the same result as to perform the field
splitting for the bilinears ψ¯Γqψ [55]. It can be written that:
ψ¯Γqψ → (ψ¯Γqψ)2 + (ψ¯Γqψ)1, (6)
where (ψ¯ψ)2 will be treated in the usual way as valence quark of the NJL model. After a rearrangment the
resulting full interaction ΩF is splitted accordingly
ΩF → Ω1 + Ω2 + Ω12,
where Ω12 contains the interactions between the two components. This separation preserves chiral symmetry,
and it might not be simply a mode separation of low and high energies. Besides that, the above shift of
quark bilinears looks suitable for incorporating quark-anti-quark states which are the most relevant states
for the low energy below the nucleon mass scale. To make possible to integrate out the component ψ2, the
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interactions Ω2 can be handled in two ways:
(i) By considering a weak field approximation it can be neglected Ω2 << Ω1. This yields directly the one
loop BFM that might receive corrections by a perturbative expansion which incorporates Ω2 [55];
(ii) By resorting to the auxiliary field method (AFM) with the introduction of a set of auxiliary fields
by means of unitary functional integrals in the generating functional [7, 8, 12, 57]. A further advantadge
of doing so is that the auxiliary fields (a.f.) allow to incorporate properly DChSB with the formation
of the scalar quark condensate which endows quarks with a large effective mass. Therefore the second
alternative improves the one loop BFM. Bilocal auxiliary fields (S(x, y), Pi(x, y), V
i
µ(x, y) and A¯
i
µ(x, y)) will
be introduced by multiplying the generating functional by the following normalized Gaussian integrals:
1 = N
∫
D[S]D[Pi]e
− i
2
∫
x,y Rα
[
(S−gjS
(2)
)2+(Pi−gjPi,(2))2
] ∫
D[V iµ]e
− i
4
∫
x,y R¯
µνα
[
(V iµ−gji,(2)V,µ )(V iν−gj
i,(2)
V,ν )
]
∫
D[A¯iµ]e
− i
4
∫
x,y R¯
µνα
[
(A¯iµ−gji,(2)A,µ )(A¯iν−gj
i,(2)
A,ν )
]
. (7)
The bilocal a.f. in this expression have been shifted by quark currents such as to cancel out the fourth order
interactions Ω2. These shifts have unit Jacobian and they generate a.f. couplings to valence quarks. The
procedure for the auxiliary field adopted in the present work for the meson sector follows the development
proposed in Refs. [8, 7, 53]. This is discussed next by considering however the structureless mesons
limit. Besides the meson sector however it contains bilinears of constituent quark field. They will compose
interaction terms for baryons and mesons. The bilocal auxiliary fields can reduce to punctual meson fields
by expanding in an infinite basis of local meson fields [8], for instance a particular bilocal field φα(x, y) =
S(x, y), Pi(x, y), V
i
µ(x, y), A¯
i
µ(x, y) can be writtten in terms of a corresponding complete orhonormal sum of
local fields ξkα(u) as:
φα(x, y) = Φα
(
x+ y
2
, x− y
)
= Φα(u, z) = Fα(z) +
∑
k
Fk,α(z)ξ
k
α(u), (8)
where Fα, Fk,α are vacuum functions invariant under translation for each of the bilocal mode and corre-
sponding local field ξkα(z) The low energy regime amounts to picking up only the low lying (lighest) modes
k = 0 and making the form factors to reduce to the zero momentum limit Fk,α(z) = Fk,α(0), i.e. to con-
stants. At the end the very long-wavelength limit can be reached by selecting the leading terms of these
expansion which roughly correspond to simply considering the local limit for structureless lightest mesons.
In this case ξα(u) = ξα(x). This work is concerned with weak magnetic field effects in the low energy
regime, the leading local field states of composite fields can be considered also the effects of magnetic field
on the meson structure will be neglected. As a matter of fact, these effects should be relevant for much
larger magnetic fields. Moreover, in the low energy regime the vector mesons should not be relevant to the
dynamics since they are considerably heavier than the pion. In this limit, the above valence quark coupling
to the local meson fields from expression (7), by omitting the index 2, reduces to:
ψ¯(x)Ξ(x, y)ψ(y) ' ψ¯(x)F [s(x) + pi(x)γ5σi] δ(x− y)ψ(y), (9)
where F is the pion decay constant that allows for the canonical definition of the pion field as pii = Fpi.
By considering the identity detA = exp Tr ln(A), the Gaussian integration of the valence quark field
yields:
Idet = Tr ln
{
iS−1(x− y)} (10)
5
where
S−1(x− y) = S0,c−1(x− y) + Ξ(x− y) (11)
+ 2R(x− y)αg2 [(ψ¯(y)ψ(x)) + iγ5σi(ψ¯(y)iγ5σiψ(x))]
− αg2R¯µν(x− y)γµσi
[
ψ¯(y)γνσiψ(x) + iγ5(ψ¯(y)iγ5γνσiψ(x)
]
,
where Tr stands for traces of discrete internal indices and integration of spacetime coordinates, the quark
kernel was defined as S−10,c (x−y) =
(
i /D −m) δ(x−y). In the absence of the external photon field S−10 (x−y) =(
i/∂ −m) δ(x− y). The above determinant has been already investigated in different limits. By neglecting
the constituent quark field, it arises a low energy model in terms of low lying meson states [8, 53, 58]. By
considering only the electromagnetic field, without mesons and quarks, an Euler-Heisenberg-type effective
model emerges [59, 60, 61]. By considering only the constituent quark currents higher order quark effective
interactions were obtained [62]. It was possible to trace back the symmetry breaking effective interactions
to the quark mass and curiously these effective interactions were found to have strengths of the order of
the chiral invariant effective interactions. Besides that, the conclusions from large Nc Witten analysis [63]
were verified since the couplings behave as N1−nc for n quarks interactions. Finally pions and constituent
quark currents have been considered for zero magnetic field in [12] and the resulting model turns out to be
the large Nc effective field theory (EFT) proposed by Weinberg [21].
Now it is shown that the color non singlet terms neglected in expression (3) yield higher order contri-
butions. Consider terms such as 1/NcR(x− y)(ψ¯λαψ)(ψ¯λαψ) where λα are the Gell Mann color matrices.
In the one loop BFM method their contribution in Ω2 are simply neglected [55]. The contribution of this
term appears only in the integration of the quark field in expression (11) with extra terms of the type:
∆S−1(x − y) = λαR(x − y)g2ψ¯λαψ + ... When performing the expansion of the determinant these terms
only contribute in colorless combinations with extra factor 1/Nc for each quark current. Therefore they
do not contribute to the leading pion and constituent quark sectors investigated in this work. If colorfull
auxiliary fields S˜α were introduced to make possible the integration of the corresponding term in Ω2, these
fields would be not observables and they would have to be integrated out. These terms, after the use of
the BFM as done above, would bring several corrections to the argument of the determinant (10) of the
following type:
∆S−1(x− y) = λαS˜α +R(x− y)g2λαψ¯λαψ + ... (12)
With a saddle point expansion of the quark determinant there will have leading terms linear and quadratic
S˜α and S˜αS˜α. By integrating out these non observable colorfull auxiliary fields an additional determinant
can be expanded again in a large quark mass limit for pions and constituent quark currents. This would
yield extra terms that could be added to those terms found below in this work. These resulting contributions
would have additional quark kernels S0(x− y) or, equivalently, extra factors 1/M∗, 1/M∗2 with respect to
the terms of the expansion shown below. Therefore they are of higher order and numerically smaller in
the large quark mass expansion. All these non leading terms however are outside the scope of the present
work.
There is an ambiguity to define the pion field due to chiral invariance [64] and it is convenient to
perform a chiral rotation to investigate only fluctuations around the ground state without the scalar field
as a dynamical degree of freedom. In the Appendix A two different choices of the pion field are exhibited
and they are used respectively in Sections (3) and (4) to investigate the quark determinant. In the first of
them, for the chiral invariant terms the pion field always show up in terms of a covariant derivative Dµ~pi.
In the second and more usual definition, the exponential representation with functions U,U † is chosen.
6
2.1 Gap equation
The a.f. were introduced without further considerations about their dynamics, in particular about their
behavior in the ground state. To account for that, the saddle point equations for the effective action above
(1) yield the usual gap equations. By denoting the auxiliary fields φq = S(x, y),Pi(x, y), V
µ
i (x, y), A¯
µ
i (x, y)
these equations can be written as
∂Seff
∂φq
= 0. (13)
These equations for the NJL model and GCM have been analyzed in many works for the vacuum, under
external B, at finite temperatures or quark densities, including in the complete form which correspond to
Dyson Schwinger equations in the rainbow ladder approximation. In the vacuum the only possible non
trivial homogeneous solution might exist for the scalar field. The magnetic field is known to produce
magnetic catalysis and it increases the resulting effective mass [26, 27, 24, 60]. In particular in Ref. [41] the
same gap equation was solved for zero and weak magnetic field by considering an effective (and confining)
non perturbative gluon propagator and some numerical values were exhibited. With the non zero expected
value of the scalar field due to DChSB, the chiral rotation to the non linear realisations of chiral symmetry
are usually performed and the dynamical field correspond to the fluctuations around the ground state which
is described by the chiral condensate. This happens at the expense of defining a quark effective mass. The
quark determinant (10) will therefore, from here on, be composed by the quark kernel given by:
S0,c(x− y) → S−10,c (x− y) ≡ i /D −M∗, (14)
where M∗ = m + S¯ where m is the current quark mass and S¯ the scalar quark condensate. When a
particular gauge is choosen for R and R¯, the gauge fixing parameter can be determined by a condition of
gauge independence such as:
∂Seff
∂λ = 0. All the quantities in the effective action found below for quarks
and pions, and also the gap equations above, depend basically on the gluon propagator and on the original
QCD Lagrangian parameters: u-d current quark masses, gauge coupling g, a gauge fixing parameter λ.
To exhibit a numerical solution for the gap equation above, let us consider an effective longitudinal
(confining) gluon propagator from [45, 65] form of: g2Rµνab (k) = KF /(k
2+M2g )
2gµνδab where KF = 8pi
3M2/9,
g2 is the bare gauge coupling constant and M2G an effective gluon mass [49, 43]. This effective propagator
presents the strength of the zero momentum running coupling constant and a qualitative behavior of the
deep infrared behavior. The gap equation, as well as all the expressions for the effective coupling constants
derived below are finite, i.e. free of ultraviolet and infrared divergences. By considering Mg = M ' 378
MeV [45] and a current quark mass m = 10MeV, it yields, for B0 = 0, s0 ' 210 MeV for the scalar auxiliary
field s as defined, for which M∗ ' 220 MeV. The dependence of the chiral condensate, and therefore the
quark effective mass, on the constant magnetic field has been investigated extensively [24, 66, 67]. The
increase of the density of states by accounting the lowest Landau levels with high degeneracy in this regime
yields the increase of the chiral condensate. This so called magnetic catalysis has also been related to the
positivity of the scalar QED β− function [60]. The resulting effective quark mass dependence on the weak
magnetic field was analysed in [41].
3 Large effective masses expansion for the Weinberg pion
field
By performing the first chiral rotation as presented in the Appendix A, in expressions (94-95) for the so
called Weinberg pion field definition, the quark determinant can be written (by omitting the dependence
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on spacetime coordinates) as:
Sd = C0 +
i
2
Tr ln
{(
1 + S0,c
[
ΦW +
(∑
q
a¯qΓqjq
)])∗
(
1 + S0,c
[
ΦW +
(∑
q
a¯qΓqjq
)])}
, (15)
where the following quantities were defined:
ΦW = Ξ = γ
µ~σ · Dµ~piiγ5 + iγµ~σ · ~pi × ∂µ~pi
1 + ~pi2
+ 4m
(
~pi2
1 + ~pi2
− ijkσkpiipij
1 + ~pi2
)
, (16)∑
q
aqΓqjq(x, y) = −K0R¯µν(x− y)γµσi
[
(ψ¯(y)γνσiψ(x)) + iγ5(ψ¯(y)iγ5γνσiψ(x))
]
+ 2K0R(x− y)
[
(ψ¯(y)ψ(x)) + iγ5σi(ψ¯(y)iγ5σiψ(x))
]
, (17)
C0 =
i
2
Tr ln S¯−10,cS0,c, (18)
where K0 = αg
2 and C0 contains corrections to the electromagnetic field effective action that will not be
presented here and it reduces to a constant in the generating functional in the absence of the background
photon field. The leading quark-pion and pion effective interactions in the absence of magnetic field corre-
spond to the Weinberg large Nc EFT and they have already been obtained in [12]. Higher order terms of
the expansion generate non leading contributions for the pion-quark couplings, however they can be seen
to be suppressed by higher order powers of the kernel S0 in the large quark mass limit. By neglecting
the constituent quark currents this determinant has been investigated mainly for the large quark mass
regime, or weak pion field, and more generally weak light mesons fields without the electromagnetic cou-
plings in different works. The resulting leading terms shown below are written with coefficients (effective
coupling constants) which contain momentum integrals with progressively higher powers of the quark and
gluon kernels S0(k) and R(k). The internal momentum structure of these terms, in the zero momentum
exchange limit, can be written in general as
∫
k S
n
0 (k)R
m(k) for n = 1, 2, 3.. and m = 0, 1, 2... as presented
in the next sections. Pion normalization constant is F ' 92MeV that is relatively small when compared
to M∗ ' 200 − 300MeV and therefore this expansion is compatible with the weak pion field expansion.
These coefficients or effective coupling constants contain therefore momentum integrals
∫
k S
n
0 (k)R
m(k) will
be therefore progressively numerically smaller, already for quark and gluon effective masses of the order of
200-500 MeV. Therefore this action will be expanded for large quark and gluon effective masses and the
strict convergence of this expansion will not be addressed in the present work.
3.1 First order terms
The expansion of the determinant yields non-local interaction terms and therefore form factors such as the
following one:
Ip2 = i
3d12(αg
2) Tr
[
((S0(x− z)S0(z − y)R¯νρ(x− y)))
γµγ5σiγνγ5σjimn
pim(z)∂
µpin(z)
1 + ~pi2(z)
(ψ¯(y)γρσjψ(x))
]
, (19)
where dn = i
(−1)n+1
2n , the trace Tr = trC trF trD trk is composed by the traces in all internal quantum
numbers, color, flavor and Dirac indices, and spacetime with eventual momenta integration. However in the
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low energy limit one might resolve the traces above by considering zero momentum transfer between pions
and constituent quarks. Therefore, by resolving the effective coupling constants in the corresponding local
limit, the non zero first order leading effective quark-pion couplings and pameteres are given by:
L(1)W = gχ1Dµ~piDµ~pi + i2gpiv
~pi × ∂ν~pi
1 + ~pi2
· (ψ¯γν~σψ) + i2gpivDνpiiψ¯iγ5γνσiψ, (20)
Lsb,1 = gsb1(ψ¯ψ) + gβsb1F
(
~pi2
1 + ~pi2
)
(ψ¯ψ)− gβpsbF 2 ~pi
2
1 + ~pi2
+ gχsbF
4
(
~pi2
1 + ~pi2
)2
, (21)
where F is the pion decay constant suitably introduced to provide the correct canonical definition of the
pion field. In these expressions there are chiral invariant and symmetry breaking terms. The following
effective coupling constants have been defined:
gχ1 = −iNcd18 Tr′ ((S˜2(k))), (22)
gpiv = iNcd14(αg
2) Tr′ ((S˜2(k)R¯(k))), (23)
gsb1 = iNcd116M
∗(αg2) Tr′ ((S˜0(k)R(k))), (24)
gβsb1 = iNcd164
m
F 2
(αg2) Tr′ ((S˜2(k)R(k))) (25)
gβpsb = −iNcd164M
∗m
F 2
Tr′ ((S˜0(k))), (26)
gχsb = iNcd1128
m2
F 4
Tr′ ((S˜2(k))), (27)
where the symbols Tr′ ((Sm(k))) indicates integration in momentum for combinations of the gluon kernel,
R(k) was written in expression (4), and the following functions for the local limit of the couplings:
S˜0(k) =
1
k2 −M2 , (28)
S˜2(k) =
k2 +M2
(k2 −M2)2 , (29)
R¯(k) = gµνR¯
µν(k), (30)
The first term in expression (20) gχ1 reduces to the usual pion kinetic term with its coefficient the square
pion decay constant gχ1 =
F 2pi
2 [8, 12]. The effective constant gpiv is the usual pion vector coupling constant
which turns out to be equal to the axial coupling constant gA. There are other terms of higher order in the
pion field and they are not shown being also of higher order in the large Nc limit.
The four terms in expression (21) are explicit symmetry breaking terms being their effective coupling
constants proportional to the effective quark mass ( M∗) and to the current quark mass (m): gsb1 is a
correction to the constituent quark effetive mass, the second term (gβsb1) corresponds to the sigma term
effective coupling of pions to constituent quarks, and therefore to nucleons, the third term provides the
Lagrangian mass to the pion gβpsb =
M2pi
2 . Expression (26) can be rewritten by considering the gap equation
for the scalar auxiliary field S¯ as to yield the Gell Mann Oakes Renner relation already presented in [12]:
S¯ ≡< q¯q > = −M
2
pi
m
F 2, (31)
where M2pi is proportional to M
∗ according to expression (26). The last term gχsb contains the leading pion
self interaction due to explicit symmetry breaking.
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3.2 Leading couplings to the background photon
The leading effective couplings to photons are obtained by expanding the quark kernel. The next leading
terms arise also from the second order terms of the quark determinant expansion that will not be presented
here since they are smaller by a factor proportional to S0 and therefore smaller by 1/M
∗2. The leading
corrections to the effective terms (20) in the very longwavelength and zero momentum transfer are the
following:
L(1)W = igijβV Fµνimn
pim × ∂µpin
1 + ~pi2
(ψ¯γνσjψ) (32)
+ igijβAF
µνDµpiiψ¯iγ5γνσjψ + gijFχFµνDµpiiDνpij ,
where the effective coupling constants are given below. The coupling gFχ provides an electromagnetic
correction to the pion decay constant, the terms gβV , gβA provides a correction to the (constituent) quark
vector and axial couplings to pions respectively.
The leading corrections to the leading chiral symmetry breaking couplings due to the background photon
field are of higher order being given by:
Lsb,1 = (gβsbFFµνFµν + gβsbAAµAµ) ~pi
2
1 + ~pi2
ψ¯ψ
+ (gsb1FF
µνFµν + gsb1AAµA
µ)ψ¯ψ (33)
+ (gβpsbFF
µνFµν + gβpsbAAµA
µ)
~pi2
1 + ~pi2
+ (gχsbFF
µνFµν + gχsbAAµA
µ)
(
~pi2
1 + ~pi2
)2
,
In this expression gsb1F and gsb1A provide electromagnetic correction to the constituent quark mass,
whereas gβpsbA and gβpsbF for the pion mass. After taking the traces in Dirac and color indices, by separating
the trace in flavor indices in the first expressions to explicitate its structure, the effective coupling constants
in expressions (32,33) can be written as:
gijβV = g
ij
βA = ieNcd18(αg
2) trF ([σi, Q]σj) Tr
′ ((S˜2(k)S˜0(k)R¯(k))), (34)
gijFχ = ieNcd18 trF ([Q, σi]σj) Tr
′ ((S˜2(k)S˜0(k))), (35)
gβsbF = −ie2Ncd1 80
9
m(αg2) Tr′ ((S˜2(k)S˜20(k)R¯(k))) (36)
gβsbA = −ie2Ncd1 80
9
m(αg2) Tr′ ((S˜2(k)S˜0(k)R(k))), (37)
gsb1F = −ie2Ncd1 40
9
M∗(αg2) Tr′ ((S˜30(k)R(k))), (38)
gsb1A = −ie2Ncd1 40
9
M∗(αg2) Tr′ ((S˜20(k)R(k))), (39)
gβpsbF = −ie2Ncd1 160
9
M∗m Tr′ ((S˜30(k))), (40)
gβpsbA = −ie2Ncd1 160
9
M∗m Tr′ ((S˜20(k))), (41)
gχsbA = −ie2Ncd1 128
9
m2 Tr′ ((S˜2(k)S˜0(k))), (42)
gχsbF = −ie2Ncd1 128
9
m2 Tr′ ((S˜2(k)S˜20(k))). (43)
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Electromagnetic corrections to the chiral symmetry breaking terms shown in expression (33) also are all
proportional to the current quark mass or effective valence quark mass. It can be noted that while the
leading corrections to the chiral invariant effective couplings in the weak magnetic field regime correspond
to the dipole magnetic couplings, being proportional to Fµν , the leading correctons to intrinsic symmetry
breaking interactions are of higher order (F 2µν or A
2
µ) and therefore they increase slower for weak magnetic
field. Of course the interactions with the electromagnetic field break chiral and isospin symmetry.
In Figure 1, the diagrams corresponding to the expressions (32) for the weak electromanetic field coupling
to the quark-pion effective interactions are exhibited. The dressed (non perturbative) gluon propagator is
indicated by a wavy line with a full circle and pion represented by dashed lines. There are one photon
(dotted line) couplings to the internal quark lines coupled to one and two pions in diagrams (1a) and (1b).
The one pion coupling is the axial coupling and the two-pion coupling to quarks is the vector one. In
diagrams (1c) and (1d) the corrections to the constituent quark mass are indicated.
Figure 1: Diagrams (1a) and (1b) correspond to the quark-pion effective couplings from expression (32). The wavy line
with a full dot is a (dressed) non perturbative gluon propagator, and the dotted and dashed lines represents respectively
the background photon and pion fields, Diagrams (1c) and (1d) represent the quark mass corrections.
3.3 Ratios between effective coupling constants under finite magnetic
field
Consider now a weak magnetic field in the Landau gauge by taking Aµ = B0(0,−x, 0, 0), This magnetic
field can be incorporated into the effective couplings shown in (34-43). The following terms with redefined
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effective coupling constants are obtained:
L(1)W = ig¯βV ij3imn
pim × ∂xpin
1 + ~pi2
(ψ¯γ2σjψ) + ig¯βAij3Dxpiiψ¯iγ5γ2σjψ + (g¯sb1F + g¯sb1A)ψ¯ψ
+ g¯Fχij3DxpiiDypij + (g¯βsbF + g¯βsbA) ~pi
2
1 + ~pi2
ψ¯ψ + (g¯βpsbF + g¯βpsbA)
~pi2
1 + ~pi2
+ (g¯χsbF + g¯χsbA)
(
~pi2
1 + ~pi2
)2
, (44)
where the effective coupling constants are:
g¯ijβV = g¯
ij
βA = B0gβAij3, (45)
g¯ijFχ = B0gFχij3, (46)
g¯βsbF = B0gβsbF , (47)
gβsbA ' −ie2B20d1
80
9
m(αg2) Tr′ ((
∂2
∂q2x
[S˜2(k)S˜(k)R(k)])), (48)
g¯sb1F = B
2
0gsb1F , (49)
g¯sb1A = −ie2B20d1
80
9
m(αg2) Tr′ ((
∂2
∂q2x
[S˜2(k)S˜(k)R(k)])), (50)
g¯βpsbF = B
2
0gβpsbF , (51)
gβpsbA ' −ie2B20d1M∗m
320
9
Tr′ ((
∂2
∂q2x
[S˜0(k)S˜(k)])), (52)
gχsbA ' −ie2B20d1
128
9
m2 Tr′ ((
∂2
∂q2x
[S˜2(k)S˜(k)])), (53)
g¯χsbF = B
2
0gχsbF . (54)
Some of the possible gauge invariant ratios between the B- dependent (45-54) and B- independent
(22-27) effective coupling constants in the limit of very large quark effective mass are given by:
(i)
g¯βA
gpiv
' eB0
M∗2
, (ii)
g¯Fχ
gχ1
' eB0
M∗2
,
(iii)
g¯sb1F
gsb1
' 5(eB0)
2
9M∗4
, (iv)
g¯βpsbF
gβpsb
' 5(eB0)
2
18M∗4
. (55)
The first and the second of these ratios indicate respectively the relative strength of the leading B-dependent
correction for the axial coupling and of the pion decay constant with their values in the vacuum. The pion-
constituent quark vector coupling constant presents the same expression as the axial coupling constant as
shown above, and therefore the corresponding ratio is the same. They both yield contributions only for
the charged pions due to the isospin tensor ij3. The second and third ratios are the leading B-dependent
corrections to (chiral symmetry breaking) effective quark and pion masses being of higher order.
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4 Large quark mass expansion for the second pion field -
U,U †
Next let us consider the second pion field definition in terms of exponential functions U and U † presented
in expression (97) of the Appendix. The quark determinant can be rewritten as:
Idet =
1
2
Tr ln
[(
S−10,c + Ξ +
∑
q
aqΓqjq
)
×
(
S−10,c + Ξ
∗ +
(∑
q
a¯qΓqjq
))∗]
, (56)
where constituent quark bilinears were given in expression (17), being that a¯s = −as, a¯v = −av and a¯p = ap,
a¯a = aa. By neglecting quark bilinears and pion field this determinant yields a model of the type of the
celebrated Euler Heisenberg effective action for for the electromagnetic field [59, 60, 61, 68]. Below, the
leading quark-pion effective interactions and pion self interactions in the presence of the external photon
field are presented. Most of the expressions in the absence of the photon field have been presented in [12].
However the pion coupling to the constituent quarks are exploited further below.
The action of the derivative operator and the background photon coupling ( /D) on the terms for the pion
field, Ξ, can be suitably written by making use of the following pion covariant derivative:
DµU = ∂µU + ieAµ
[τ3
2
, U
]
, (57)
(DµU)
† = ∂µU † − ieAµ
[τ3
2
, U †
]
, (58)
where it was used that: [Q , U ] =
[
τ3
2 , U
]
.
The leading terms of this expansion will be calculated in the zero order derivative expansion. Besides
that, only the leading terms in the pion field and in the pion derivative will be shown, i.e., terms of higher
order in (pii)
m (for m > 2 or 4) and (∂n~pi) (n ≥ 2) will be neglected.
4.1 Leading and next leading pion and external photon couplings
The leading terms of the pion sector can be calculated to resolve the corresponding effective couplings
constants which turn out to be the low energy coefficients (lec’s). These lec’s are written below in a
different way than they were presented in [12]. By taking the traces of Dirac and color, the leading terms
in the very longwavelength limit, by accounting the leading term from the expansion of the quark kernel
for the bacground photon field coupling, are given by:
L1 = −g1 trF (U + U †) + F
2
4
gc trF D
†U †DU − l5 e2 trF
(
QFµνU
†QFµνU
)
, (59)
where trF stands for the trace in flavor indices and
g1 = −id14MFNc Tr′ ((S˜0(k))), (60)
gcgµν = id116gµνNc Tr
′ ((S˜20(k))), (61)
l5 = −id12F 2Nc Tr′ ((S˜2(k)S˜20(k))). (62)
In expression (59), the term g1 is the usual leading symmetry breaking term that yields the pion mass, so
that it can be written: g1 =
M2piF
2
4 . With the help of the gap equation (13) this term reduces to the usual
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Gell Mann Oakes Renner (GOR) relation MS¯ = M < q¯q >= −F 2M2pi . The second term is the lowest
order pion kinetic term with the correct coupling to photons [1, 69]. The expected numerical value for the
corresponding parameter is gc = 1. The leading correction to the GOR for a weak magnetic field will be
presented below. The last term l5 is one of the leading chiral symmetry breaking terms with coupling to
the electromagnetic field.
The leading second order terms are precisely those for the next leading part of chiral perturbation theory.
Again, by resolving effective coupling constants (lec’s) for the limit of zero momentum transfer, they can
be written as:
Ipi−Aµ = +
(l3 + l4)
16
m4pi trF (U
2 + U †2) +
l4
8
m2pi trF
(
DµU
†DµU
)
(U + U †)
− l1
4
trF (DµU
†DµU)2 − l2
4
trF (DµU
†DνU) · (DµU †DνU), (63)
where factors with powers of the pion mass were introduced in l3, l4 coefficients to compare with usual
notation [3], and the following low energy constants have been defined in the presence of an electromagnetic
field:
l1 = − l2
2
= id2NcF
464 Tr′ ((S˜40,c(k))), (64)
(l3 + l4) = −id1Nc16F
2M2
m4pi
Tr′ ((S˜20,c(k))), (65)
l4 = i
1
m2pi
d2Nc4× 12F 3M Tr′ ((S˜30,c(k))), (66)
where
S˜0,c(k) =
1
(k2 −∆A −M2) , (67)
and ∆A given by ∆A = e
2Qˆ2AµA
µ + ie2 QˆσµνF
µν . In the second order of the determinant expansion there
are higher order terms of chiral perturbation theory that are not presented here.
In the limit of ∆A = 0 for the expressions above the effective couplings (63) reduce basically to the
fourth order terms ChPT weakly coupled to the electromagnetic field with coefficients defined differently. By
considering the full expressions for the lec’s dependence on the electromagnetic field there appear corrections
for the case of strong electromagnetic field, i.e. electromagnetic field dependent low energy constants. These
corrections due to electromagnetic field can also be written in the usual way by expanding S˜0,c for weak
electromagnetic field and this second procedure yields higher order terms of B0-dependent ChPT.
There is another leading electromagnetic coupling to pions that arise from expanding the the low energy
coefficient gc for weak electromagnetic field (61). By resolving the effective coupling by taking the traces in
color and Dirac indices, it can be written as
LD−F = −i l6
2
trF
[(
QFµν(D
µU)†(DνU)
)
+
(
QFµν(D
µU)(DνU)†
)]
, (68)
where
l6 = id1e4NcF
2 Tr′ ((S˜30(k))). (69)
This completes the leading terms of ChPT in the presence of a weak electromagnetic field [69, 1]. This
structureless pion limit corresponds to a truncated version of more general calculations [8, 10] and the
resulting leading terms of Chiral Perturbation Theory are the correct ones.
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4.2 First order constituent quark-pion effective couplings
The leading effective constituent quark-pion terms arise in the very longwavelength limit are the following:
Lq−pi = M3 js + g2jsF trF Z+js + gpsF trF (σiZ−)jips + i2gV trF (σi∂µZ+)jV,µi
+ i2gA trF (σi∂µZ−)jiA,µ, (70)
where Z± = 12(U ±U †) and where the following effective coupling constants were defined by calculating the
traces in Dirac and color indices:
M3 = id116NcM
∗(αg2) Tr′ ((R(k)S˜0(k))), (71)
g2js = −gps = id132Nc(αg2) Tr′ ((R(k)S˜2(k))), (72)
gV = gA = −id18M∗FNc(αg2) Tr′ ((R¯(k)S˜20(k))), (73)
where the functions S˜0(k) and S˜2(k) were defined in (28-29), and R(k), R¯(k) were defined previously as
well. The first term is a correction to the constituent quark mass, that is not necessarily the same as
the effective mass from the gap equation [70], g2js yields a scalar coupling of two pions to a scalar quark
current, the term gps is the usual leading pseudoscalar pion coupling to quarks, gV the two pion coupling to
a vector quark current and the last one is the usual gA the axial coupling. For the chiral sector defined by
the Weinberg pion definition given in the previous Section, only the last two effective derivative couplings
appear. For the correct canonical normalization of the pion field multiplicative factors 1/F must redefine
the effective coupling constants.
4.3 Relations among pion-quark effective couplings
Although numerical estimations of these effective coupling constants are strongly dependent on the gluon
propagator and on the value for the quark-gluon coupling constant, it is possible to obtain an estimation of
their relative strength by considering their ratios in the large quark mass limit. It is interesting to note that
the functions R(k) and R¯(k) obtained from the gluon kernels are related by R¯(k) = 2R(k). To mantain
the standard dimensionless coupling constants, the axial and vector couplings must be divided by F to
cope with the canonical pion definition. Some ratios between the effective coupling constants are exact
and others can be obtained for the limit of very large quark effective mass. By denoting g′A and g
′
V the
dimensionless definition of the effective couplings, the following exact and approximated ratios between the
effective coupling constants were obtained:
(i)
gps
g2js
= −1, , (ii) g
′
A
g′V
= 1, (74)
(iii)
gps
g′A
∼ M
∗
F
, (iv)
g2js
g′V
∼ −M
∗
F
. (75)
Note that the first two ratios, (i) and (ii), are exact and equal to one. The ratios (iii) and (iv) are
approximated and valid in the limit of large quark masses. The ratio (iii) is the quark-level Goldberger
Treiman relation [51, 52, 16], and the last ratio (iv) is a scalar-vector coupling relation analogous to the
Goldberger Treiman relation. The ratios (i) and (ii) are gauge invariant.
15
4.4 Leading quark-pion couplings with external photon
The leading constituent quark-pion effective couplings to photons are obtained from the expansion of the
kernel S0c. The leading terms in the local limit are given by:
Lq−pi−A =
(
MAAA
2
µ +MFFFµνF
µν
)
js + gvmdAµ j
µ
i=3
+
(
gF−js−pi F F 2µν + gA−js−pi F A
2
µ
)
trF ({Q,Z+}Q)js (76)
+ i
(
gF−ps−pi F F 2µν + gA−ps−pi F A
2
µ
)
trF ([Q,Z−] [Q, σi]) jips
+ igjV A F F
µνtrF ({∂µZ+, Q}σi + [Q, σi] ∂µZ+)jiV,ν
+ igjAA F F
µνtrF ([Q, ∂µZ−]σi + {Q, σi} ∂µZ−)jiA,ν + O(A2µ),
where, by taking the traces in Dirac and color indices, and also flavor indices for the first terms (M3AA,MFF
and gvdm) the following effective parameters and coupling constants have been defined:
MAA = ie
2d1NcM
∗ 80
9
(αg2) Tr′ ((R(k)S˜30(k))), (77)
MFF = ie
2d1NcM
∗ 160
9
(αg2) Tr′ ((R(k)S˜40(k))), (78)
gvmd = ied1Nc8(αg
2) Tr′ ((R¯(k)S˜0(k))), (79)
gF−ps−pi = −gF−js−pi = ie2d1Nc16(αg2) Tr′ ((R(k)S˜2(k)S˜20(k) +R(k)S˜30(k))), (80)
gA−ps−pi = −gA−js−pi = ie2d1Nc8(αg2) Tr′ (( ∂
2
∂q2x
(R(k)S˜2(k)S˜0(k) +R(k)S˜
2
0(k)))), (81)
gjV A = gjAA = ied1NcM
∗8(αg2) Tr′ ((R¯(k)S˜30(k))), (82)
The first two terms in expression (76) provide corrections to the constituent quark mas. While MAA arises as
a first order expansion of the quark kernel MFF is obtained in the next order of this expansion, nevertheless
both are of the same order in powers of 1/M∗. The second term is a vector meson dominance term, and
it will not be investigated further in this work. The couplings gF−js−pi and jF−ps−pi are corrections to the
scalar and pseudoscalar pion-quark couplings due to the electromagnetic field and gjV A and jjAA are the
corresponding corrections to the vector and axial pion coupling to quarks. The leading corrections to the
axial and vector effective couplings are dipole couplings to the electromagnetic field, whereas the scalar and
pseudoscalar are of higher order. The pion canonical normalization would introduce further factors F in
the expressions for the coupling constants above.
The one loop diagrams corresponding to the leading terms of expression (76) are shown in Figure 2. There
are constituent quark-one pion couplings to one and two photons - (2b) (respectively axial and pseudoscalar
couplings) - and constituent quark-two pion coupling to one or two external photons (respectively vector
and scalar couplings) - (2a). The corrections to the constituent quark mass shown in (2c).
4.5 Ratios between effective coupling constants under finite magnetic
field
Let us show some approximated ratios in the same limit of large quark effective mass explored in Section (3.3)
by fixing the same magnetic field Aµ = B0(0,−x, 0, 0). From expression (76) the following B0 dependent
quark-pion effective couplings can be defined
Lq−pi−A = M¯B js + g¯Fjspi trF ({Q,Z+}Q)js + ig¯Fpspi trF ({Q,Z−} {Q, σi}) jips
+ ig¯jV AtrF ([∂xZ+, Q]σi)j
i
V,y + ig¯jAAtrF ([Q, ∂xZ−]σi)j
i
A,y, (83)
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Figure 2: In these diagrams, the wavy line with a full dot is a (dressed) non perturbative gluon propagator, a
dotted line represents the external photon field tensor Fµν , whereas the dashed line stands for the pion. Diagrams (2a)
represent the scalar and pseudoscalar pion couplings to quarks (respectively two pions and one pion couplings) with
further interaction to the photon field. Diagrams (2b) represents the axial and vector pion couplings to quarks (one
and two pion couplings respectively) with a further one photon coupling In diagram (2c) the two contributions for the
constituent quark effective mass due to the electromagnetic coupling.
where, by taking the traces in Dirac and color indices, and also flavor indices for the first three terms in
(76) (MAA,MFF , gvdm) and M¯B the following effective coupling constants have been defined:
M¯B ' −i(eB0)2d1NcM∗ 80
9
Tr′((R(k)S˜0(k)S˜x(k) + 3R(k)S˜20(k)S˜x(k))), (84)
g¯Fjspi = B
2
0 gF−js−pi, (85)
g¯Fpspi = B
2
0 gF−ps−pi, (86)
g¯jV A = B0 gjV A, (87)
g¯jAA = B0 gjAA. (88)
In the limit of large effective quark mass the following approximated ratios are obtained:
(i)
MB
M3
∼ 5
3
(eB0)
2
M∗4
, (ii)
g¯Fjspi
g2js
∼ 5
9
(eB0)
2
M∗4
, (89)
(iii)
g¯Fpspi
gps
∼ 10
9
(eB0)
2
M∗4
, (iv)
g¯jV A
gV
=
g¯jAA
gA
∼ 2 eB0
M∗2
.
These ratios show approximatedly the strength of the corrections for the effective couplings and effective
mass due to the weak magnetic field. Ratios between B-dependent effective coupling constants from expres-
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sion (83) can also be extracted, some of them are given by:
(i)
g¯Fjspi
g¯Fpspi
∼ 2, (ii) g¯jAA
g¯jV A
∼ 1,
(iii)
g¯Fpspi
g¯jAA
∼ eB0
M∗2
M∗
F
, (iv)
g¯Fjspi
g¯jV A
∼ eB0
M∗2
M∗
F
. (90)
These expressions together with expressions (89) are B0-dependent corrections to the relations (74) and
(75).
5 Numerical estimates
Table 1: In the first column the chosen values for the quark effective mass are displayed with the corresponding
UV cutoff Λi and quark gluon coupling constant factor ha. This factor was chosen to reproduce the value of the pion
vector or axial coupling constant gpiv = 1. In the second column the gluon propagator is indicated: DI and DII are
the gluon propagators respectively from Refs. [43] and Ref. [45]. From the third to the last columns, values for
the effective coupling constants from expressions (22,23,24,25,26,45,46,49,51) by considering the Weinberg pion field
definition. Results from the expressions (45,46,49,51) divided by factor (eB0)/M
∗2 are displayed, being therefore
independent of the magnetic field value. Values of the Euclidean cutoffs: Λ1 = 0.575GeV, Λ2 = 0.433GeV and
Λ3 = 0.590GeV. In the last line (exp. values) some experimental or expected values that reproduce experimental
data. All the effective couplings or parameters that depend on the gluon propagator were multiplied by the same ha
that corrects the strength of the quark gluon coupling constant.
M∗ (Λi, ha) Di(k) fpi gpivha gsb1ha gβsb1ha mpi
g¯V ha
(
eB0
M∗2 )
g¯Fχ
(
eB0
M∗2 )
g¯sb1F ha
(
eB0
M∗2 )
mBpi
(
eB0
M∗2 )
GeV (GeV, -) - (MeV) (MeV) (MeV) - (MeV)2 (MeV) (MeV)
0.3 (Λ1,
1
3.4
) DI 92 1 1470 2.3 218 0.8 0.1 111 56
0.3 (Λ1,
1
0.2
) DII 92 1 3420 46 218 2.5 0.1 215 56
0.18 (Λ2,
1
12.8
) DI 93 1 291 23 137 0.4 0.1 13 26
0.18 (Λ2,
1
0.7
) DII 93 1 836 39 137 0.4 0.1 31 26
0.07 (Λ3,
1
32
) DI 212 1 81 23 138 0.2 0.1 0.8 6.3
0.07 (Λ3,
1
1.8
) DII 212 1 185 46 138 0.5 0.1 1.8 6.3
exp. values - 92.4 1 313 - 140 - - - -
In the Table 1 numerical values for some of the effective coupling constants and parameters of Section
(3) are shown, in particular those exhibited in expressions (22,23,24,25,26,45,46,49,51). The integrations
were carried out by performing an analytical continuation to Euclidean momentum space and few of them
needed an ultraviolet cutoff. Two very different gluon propagators were chosen to make clear the ambiguity
of the numerical estimates. The first of the gluon propagators, DI(k), is a transversal component from
Tandy-Maris [43] and the second one, DII(k), is an effective longitudinal one by Cornwall that produces
dynamical chiral symmetry breaking [45]. An ultraviolet cutoff was chosen for the integrals of the effective
parameters fpi and mpi, such that the at least one of their the experimental values is reproduced. Whenever
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possible, both fpi and mpi were fited with the same UV cutoff. Different values for the quark effective mass
were considered. For the gluon propagator it was adopted the convention that
g2R˜µν(k) ≡ haDµνi (k), (91)
where Dµνi (k) for i = I, II and ha is a constant factor associated with the quark gluon coupling constant,
and the reason for considering it is the following. All the effective parameters that depend on the gluon
propagator and quark-gluon coupling constant were found to exhibit a systematic deviation from the known
experimental values by nearly the same factor, whenever they have known experimental values. Therefore
in the Table these effective coupling constants were multiplied by a factor ha indicated in the first column
of the Table and it was chosen to reproduce the constituent quark-pion axial coupling constant gpiv = 1
[21]. It corresponds to a particular choice of the quark gluon (running) coupling constant. The values that
depend on the magnetic field, the effective couplings are divided by (eB0)/M
∗2 in such a way to become
independent of the magnetic field. The resulting values listed in the last four columns of the Table must
be multiplied by (eB0)
M∗2 to be considered in expressions (45,46,49,51). The factor
(eB0)
M∗2 << 1 or
(eB0)
M∗2 < 1
is the parameter for the weak magnetic field expansion. Therefore all the corrections induced by the weak
magnetic field are small.
The numerical values for the estimates of expressions that do not depend on the gluon propagator are
the following: fpi,mpi, gFχ and m
B
pi . The effective parameters fpi,mpi and the corresponding magnetic field
dependent parameters gFχ,m
B
pi could be expected to depend stronger in the pion structure which has been
neglected when compared to the work presented in Ref. [8]. The resulting constituent quark effective mass
gsb1 might be too high and no apparent reason was identified, apart from the eventual excessively strong
contribution from the gluon propagator and quark-gluon coupling. The quark effective mass and cutoff that
best describe known experimental data in the Table are therefore M∗ = 180MeV and Λ = 433MeV. For the
last four columns there are not experimental values available.
In Table 2 some of the effective couplings and parameters found in Section (4) are exhibited, namely
expressions (60,61,64,65,66,62,69,71,72,73) and also (84,86,87) . The same logics and input parameters used
in Table 1 were considered. Again the factor ha in the identification (91) was chosen to produce the axial
coupling constant to be gv = 1 [21]. The fact that pions were considered to be structureless, differently from
Roberts and collaborators [8], imposes difficulties to reproducing the experimental values for mpi = 140MeV
and gc = 1. For the last three columns, where the coefficients for the magnetic field dependent corrections
for effective coupling constants are shown, there are not experimental values available. The resulting values
listed in the last four columns of the Table must be multiplied by
(
(eB0)
M∗2
)n
for n = 1, 2. Therefore all
the corrections induced by the weak magnetic field are very small. The definitions of the lec’s as written
in expression (63) were chosen in agreement with Anderson [69], and the numerical values in the Table 2
were taken from Bijnens and Ecker [3]. The resulting numerical values are the one loop renormalized ones
obtained from the following expression:
lri =
γi
32pi2
(
l¯i + ln
m2pi
µ2
)
, for i = 1, 2, 3, 4, 5, 6. (92)
being that all the numerical values of these parameters that reproduce experimental data were given in Refs.
[3, 1]. Differently from results of the first pion field definition in Table 1, results from Table 2 indicate that
the best choices for the quark effective mass and cutoff that reproduce better known experimental data are
M∗ = 70MeV and Λ = 590MeV. This value of the effecitve quark mass might be identified to a constituent
quark mass for pions. The values for the parameter gvmd for the strength of the vector meson dominance
effect are very small when comparing to the VMD coupling considered for example in Refs. [71].
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Table 2: In the first column the following set of values are displayed M∗ for a given Λi, Di for the gluon propagator,
ha is the quark gluon coupling constant factor. Two gluon propagators Di(k) = I or II respectively from Refs. [43]
and Ref. [45]. The sets of values are: (1) 0.3 GeV, I, 12.6 , (2) 0.3 GeV, II,
1
0.3 , (3) 0.18 GeV, I ,
1
4.1 , (4) 0.18 GeV,
II, 10.5 , (5) 0.07 GeV, I,
1
5.9 and (6) 0.07 GeV, II,
1
0.8 . Values of the cutoffs: for M
∗ = 0.3GeV Λ1 = 0.575GeV, for
M∗ = 0.18GeV Λ2 = 0.433GeV and for M∗ = 0.07GeV Λ3 = 0.59GeV. This factor was chosen to reproduce the value of
the pion vector or axial coupling constant gvha = 1 and it multiplies the gluon propagator. From the second to the last
columns, values for the effective coupling constants and parameters from expressions (60,61,64,65,66,62,69,71,72,73) and
also (84,86,87) by considering the usual pion field definition in terms of the functions U,U †. Results from the expressions
(84,86,87) divided by factors (eB0)/M
∗2 are displayed, being therefore independent of the magnetic field value. In the
last line (e.v.) some experimental or expected values that reproduce experimental data. In this line the values of lec’s
are extracted from Ref. [3] according to the definition written in the text.
sets mpi gc l1 l3 + l4 l4 l5 l6 M3ha gpsha gvha
M¯Bha
(
eB0
M∗2 )
2
g¯Bpsha
(
eB0
M∗2 )
2
g¯BV ha
(
eB0
M∗2 )
gvmdha
- (MeV) - 10−4 10−1 10−2 10−4 10−3 (MeV) - - (MeV) - - (MeV)2
(1) 218 0.1 0.3 1.8 1.5 2.9 1.8 1752 2.6 1 628 1.8 1.1 0.2
(2) 218 0.1 0.3 1.8 1.5 2.9 1.8 1630 3 1 860 2.3 1.1 2.1
(3) 137 0.4 2 1.1 2.0 8.3 4.9 908 6.2 1 169 0.8 0.8 0.2
(4) 137 0.4 2 1.1 2.0 8.3 4.9 778 5.4 1 260 1.0 0.8 2.0
(5) 138 1.0 95 0.54 6.5 55 33 440 11 1 18.5 0.2 0.6 0.1
(6) 138 1.0 95 0.54 6.5 55 33 354 9 1 25 0.2 0.6 1.6
e.v. 140 1.0 88 0.6 6.8 55 31 313 13.5 1 - - - -
6 Summary and final remarks
The leading magnetic field corrections to constituent quarks couplings to pions were found by considering
one loop quark polarization for a dressed one gluon exchange quark interaction. For that, the quark field was
separated into sea and constituent components by means of the background field method and the leading low
energy quark-antiquark excitations were introduced by means of the auxiliary field method as it is usually
done being that the lighest one, the pion field, was considered. The use of auxiliary fields contributes to an
improvement of the one loop background field method by incorporating DChSB and the emergence of the
scalar quark-antiquark condensate and then of the quark effective mass. The valence quark determinant
was expanded for large quark and gluon effective masses by considering two different definitions of the pion
field.
Firstly, the Weinberg’s pion field definition in terms of covariant pion and quark derivatives was used
in Section (3). The leading terms of the quark determinant expansion turn out to be the constituent
chiral quark model [20] in the version discussed in [21] that corresponds to a large Nc EFT [12], with
the corrections due to the interaction with the electromagnetic field. As discussed in Ref. [12] the relative
ambiguity in separting the quark field into valence and constituent quark fields corresponds to the ambiguity
of determining the relative contribution of constituent quarks sector and pions (or pion cloud) sector to
describe hadron observables in the constituent chiral quark model [21, 72]. This issue deserves further
investigation. Effective constituent quark-pion couplings were derived in the presence of the background
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photon field. Some ratios between the effective coupling constants for the limit of very large quark effective
mass and weak magnetic field were found.
Secondly, the more usual pion field representation in terms of the exponential functions U,U † was
considered in Section (4). Concerning the coupling to the external electromagnetic field, the resulting
leading terms in the pion sector correspond to the leading terms of Chiral Perturbation Theory coupled
to photons which were found up to the fourth order in perfect agreement to the usual formulation [1,
3, 69]. It was shown however that some of the higher order photon-pion couplings in ChPT might be
considered as electromagnetic corrections to some of the leading lec’s. Therefore it might be useful to
consider ChPT calculations for stronger electromagnetic fields by considering B0-corrections for the values
of the lec’s. This pion field definition makes possible the emergence of different known pion effective couplings
to quarks: vector, axial, pseudoscalar and scalar as shown in expressions (70,76). These expressions extend
and complete previous work [12]. The corresponding couplings to the electromagnetic field explicitely
break chiral and isospin symmetries, and they are relatively small with respect to the original pion-quark
couplings because (eB0)
M∗2 < 1 or
(eB0)
M∗2 << 1. In this quark-pion sector the usual relevant effective couplings
receive dipolar corrections of the order of Fµν (vector and axial effective couplings) or higher order ones
of the order of F 2µν and A
2
µ (scalar and pseudoscalar effective couplings). For larger magnetic fields the
above expansion may be reliable by taking into account higher orders terms terms which produce effective
interactions dependent on [eB0/M
∗2]n for n = 1, 2.... The complete account of the Landau orbits [24, 66]
appears to be equivalent to the resulting series in powers of the magnetic field, such as it has been done in
this work, as shown explicitely in Ref. [73]. It is interesting to note that, in the leading order terms, the
weak magnetic field does not mix the contribution of each of the gluon propagator components, transversal
or longitudinal, for a particular effective coupling constant or parameter at this level of calculation.
Approximated and exact ratios between the effective couplings and parameters were extracted in the
limit of large quark effective mass. They were exhibited in expressions (55,74,75,89,90), and they were found
to yield expressions such as the emblematic Goldberger Treiman and GellMann Oakes Renner relations,
besides new other relations with corresponding leading corrections due to weak electromagnetic (magnetic)
field. Numerical estimations for the effective coupling constants and parameters were presented by choosing
two very different gluon propagators from references [43] and [45]. The strength of the quark gluon coupling
constant was normalized to produce the expected value for the vector pion coupling to constituent quarks
that is equal to the axial coupling. Pion structure and gluon 3-point and 4-point Green’s functions do
contribute for the resulting form factors, effective coupling constants and parameters [8, 9, 10] and these
were not investigated in the present work. The magnetic field dependent coupling constants should be seen
as partial contributions to the complete value because the gluon propagator and quark-gluon vertex also
can present magnetic field dependent corrections that might be of same order of magnitude of the resulting
effective coupling constants and parameters presented in this work.
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Appendix A: Chiral rotations
By freezing the scalar field degree of freedom, chiral invariance yields the non linear representation. There
is an ambiguity in defining the pion (and quark and all the fields respecting chiral symmetry) and different
chiral rotations yield different pion field definitions [64, 16]. The quark free terms and its coupling to (scalar
and pseudoscalar) chiral fields are given by:
ψ¯2 [iγ · ∂ −m+ ΦL]ψ2 = ψ¯2 [iγ · ∂ −m+ F (s+ iγ5~σ · ~p)]ψ2. (93)
A possible redefinition of the quark and pion fields can be implemented by the following transformation
[16, 54, 64]:
s =
1− ~pi2
1 + ~pi2
, pi =
2pii
1 + ~pi2
, ψ =
(1− iγ5~σ · ~pi)√
1 + ~pi2
ψ′. (94)
The above pion- quark coupling (93) can be rewritten as:
ψ¯′2
[
iγ · ∂ −m∗ + γµ~σ ·
(
∂µ~pi
1 + ~pi2
iγ5 + i
~pi × ∂µ~pi
1 + ~pi2
)
+ 4m
(
~pi2
1 + ~pi2
− ijkσkpiipij
1 + ~pi2
)]
ψ′2, (95)
where it was used that σiσj = δij + iijkσk. The last two terms in this expression correspond to the chiral
symmetry breaking couplings in terms of the current quark mass. These terms yield some of the terms
proportional to the pion mass or to powers of ~pi2 in the resulting effective model. The following notation
with two covariant derivatives is considered:
Dµ~pi ≡ ∂µ~pi
(1 + ~pi2)
,
ψ¯2∂µψ2 → ψ¯′2Dcµψ′2 ≡ ψ¯′2
(
∂µ + i~σ · ~pi × ∂µ~pi
1 + ~pi2
)
ψ′2. (96)
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The canonically normalized pion field corresponds to ~pi′ = ~piF and the pion and valence quark fields will
be denoted in the non linear realisation as: pii and ψ2 respectively. This redefinition of the fields however
induces a non trivial change in the functional measure with terms that do not depend on this pion covariant
derivative. These terms will not be presented in this work.
A different parameterization of the non linear realization can be used for the pseudoscalar fluctuations
around the vacuum to rewrite expression (93), as discussed in Refs. [8, 53], by means of :
ΦL → ΦNL = F
(
PRU + PLU
†
)
, (97)
where U = ei~σ·~pi and PR,L = (1± γ5)/2 are the chirality projectors. These expressions allow to rewrite the
pion sector in the standard form of Chiral Perturbation Theory.
Appendix B: Comparison between pion-quark couplings for
the two pion definitions
For the comparison between the two pion field definitions for the low energy pion Physics regime, the weak
pion field must be considered. For the two pion field definitions the following weak pion field expansions
were considered:
Dµ~pi ' ∂µ~pi, 1
1 + ~pi2
' 1 + ... (98)
U ' 1 + i~τ · ~pi + ..., , U † ' 1− i~τ · ~pi + ... (99)
The traces in flavor indices of the Pauli matrices with the matrix Q given after expression (1) were
computed for most of the terms from expressions (20,21,32,33), from the Weinberg pion definition (W), and
for expressions (70) and (76) from the second pion field definition (U). For the vector pion coupling with
the electromagnetic coupling it has been used: ijkimn = δjmδkn − δjnδkm. By using the same notation for
both pion definitions, that again are written dimensionless ~pi, the pion-constituent quark couplings found
in this work, with and without leading electromagnetic field coupling, can be written as:
Lq−piW = 2gpivijkpii(∂νpij)jkV,ν + 2gpiv(∂νpii)jiA,ν (100)
+ gβsb1F~pi
2js, (101)
Lq−piW,B = gβV TjkiFµνpij∂µpikjiV,ν + gβA3ijFµν∂µpiijjA,ν , (102)
+
(
gβsbFF
µν2 + gβsbAAµA
µ
)
~pi2js (103)
Lq−piU = g2jsF ~pi2js + gpsFpiijips + i2gV ijkpii(∂µpij)jV,µk (104)
+ 2gA(∂
µpii)j
i
A,µ, (105)
Lq−piU,B = −
(
gF−js−piF 2µν + gA−js−piAµA
µ
)
F
5
9
~pi2js (106)
− gF−ps−pi F F 2µν
4
3
ij3piij
j
ps, (107)
− gjV A F TjkiFµν 4
3
pij(∂µpik)j
i
V,ν − gjAA F Fµν
4
3
ij3 ∂µpii j
j
A,ν , (108)
where Tjki = δijδ3k − δj3δik. The expressions Lq−piW and Lq−piW,B were extracted from eqs. (20,21,32,33) and
the expressions Lq−piU and Lq−piU,B were calculated from eqs. (70,76). The couplings gps, gF−ps−pi only emerge
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in the pion definition in terms of functions U,U †. For the vector, axial and scalar couplings the following
identification can be done:
gpiv ∼ gV , gpiv ∼ gA,
gβsb1 ∼ g2js, gβV ∼ 4F
3
gjV A,
gβA ∼ 4F
3
gjV A, gβsbF ∼ 5F
9
gF−js−pi, (109)
gβsbA ∼ 5F
9
gA−js−pi. (110)
Only the free pion terms were presented in both Sections 3.1 and 4.1 and they are trivially the same by a
comparison of expressions (20,21) and (59).
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